Abstract. In the present paper several characterizations of the classical notion of extremally disconnected spaces are obtained. A few relationships for finite products of extremally disconnected spaces are also studied.
Introduction
Extremally disconnected topological spaces were introduced by Gillman and Jerison [6] . It is well-known that each extremally disconnected (e.d., in brief) compact and Hausdorff space is called a Stonean space (for instance, the Stone-Čech compactification βN is a compact, Hausdorff and e.d. space). E.d. spaces play an important role in the theory of Boolean algebras and in some branches of functional analysis. There is a duality between Stonean spaces and the category of complete Boolean algebras. The importance of e.d. space becomes clearer in a study of absolute topological spaces. The purpose of this paper is to give several characterizations of e.d. spaces in terms of semi-open and regular open sets. Our results contribute to the stream of investigations concerning different types of characterizations of e.d. spaces (see for instance [8, 9, 16, 18] ), where no separation axioms are assumed. Nevertheless, it is worth to observe that some finite spaces that we make use of as examples, may fulfil weaker forms of separation. For example: the space in Example 1 is semi-T 2 [10] (but not even T 1 ).
Preliminaries
A topological space on which no separation axiom is assumed will be denoted by (X, τ ). For a subset S of (X, τ ) the closure of S and the interior of S (in (X, τ )) are denoted by cl (S) and int (S) respectively. A subset S of Lemma 1. For each subset A of a topological space (X, τ ) we have int (cl (A)) = int (scl (A)) = int (sint (scl (A))).
Proof. First we show int (scl (A)) = int (cl (A)). By [1, Theorem 1.5] (formula (a)) we calculate as follows:
So, our equality is obvious. We now focus our attention on the second equality. By the use of [1, Theorem 1.5] again (formula (b)) we obtain
We observe that the new characterizations of preopen sets are clear by Lemma 1. Let us restate Theorem 1 in the following way.
if and only if for each
By using the respective equalities from the proof of Lemma 1 we easily obtain a well-known characterization of semi-preopen sets in every (X, τ ):
Theorem 2. The following statements are equivalent for any topological space (X, τ ):
Proof. (a)⇒(b). Assume that (X, τ ) is e.d. and let A be an arbitrarily chosen member of SO (X, τ ). Then A ∈ PO (X, τ ) and by [8, Proposition 2.7(a)] we establish scl (A) = int (cl (A)).
To prove the equality scl (A) = cl (int (A)), recall that for each A ∈ SO (X, τ ), scl (A) ∈ SR (X, τ ) [19, Lemma 2.2]. Obviously scl (cl (int (A))) = cl (int (A)), since C (X, τ ) ⊂ SC (X, τ ). So we have:
, thus our equality is obvious.
(a)⇐(b). Suppose that A ∈ SO (X, τ ). By hypothesis scl (A) = int (cl (A)) = cl (int (A)) and hence
Thus A ∈ α(X, τ ). We must necessarily note that applying Theorem 1 a shorter proof can be obtained.
Implications (c)⇐(b) and (d)⇐(c) are obvious. It is enough to show (a)⇐(d). Suppose that for an arbitrary A ∈ SO (X, τ ), scl (A) ∈ RO (X, τ ), i.e. int (cl (scl (A))) = scl (A). Hence we see that A ⊂ int (cl (scl (A))) ⊂ int (cl (A)). Therefore A ∈ PO (X, τ ). This shows, by Theorem 1, extremal disconnectedness of (X, τ ). There exists a topological space (X, τ ) in which for a certain A ∈ SO (X, τ ) we have scl (A) = int (cl (A)), while scl (A) = cl (int (A)). Example 1. Let X = {a, b, c} and τ = ∅, X, {a}, {b}, {a, b} . Consider A = {a} ∈ τ . We have scl (A) = A = int (cl (A)) and A = cl (int (A)) = {a, c}.
After restating the condition (b) from [7, Theorem 2.9] as follows: "cl (A) is clopen for each A ∈ SO (X, τ )", there can be seen a certain similarity to the respective conditions in Theorem 2. Proof. (⇒). Let (X, τ ) be e.d..
Inclusions RO (X, τ ) ⊂ RC (X, τ ) and RC (X, τ ) ⊂ RO (X, τ ) follow immediately from the facts that cl (G) ∈ τ for each G ∈ τ and int (F ) ∈ C (X, τ ) for each F ∈ C (X, τ ). Notice also that to prove RO (X, τ ) ⊂ RC (X, τ ) and RC (X, τ ) ⊂ RO (X, τ ) we can use Theorem 2 (formulae scl (A) = cl (int (A)) and scl (A) = int (cl (A)) respectively).
At last, to prove the necessity we may apply inclusion (1) below, Proposition 2(i) of [4] and the observation that C (X, τ ) ∩ τ = RO (X, τ ) ∩ RC (X, τ ) (see for instance section I of [4] ).
(⇐). Suppose that RC (X, τ ) = RO (X, τ ). We shall show that for each A ∈ SO (X, τ ), scl (A) ∈ RO (X, τ ). Assume that it is false for a certain
and [13, Lemma 2] respectively). Hence int (scl (A 0 )) = int (cl (int (scl (A 0 )))). Thus int (scl (A 0 )) ∈ RO (X, τ ) and by hypothesis int (scl (A 0 )) ∈ RC (X, τ ).
On the other hand, since scl (
The following examples show that the equalities RC (X, τ ) = RO (X, τ ) and C (X, τ ) = τ are not equivalent, in general.
Example 2. (a) Let X = R be the set of all reals and τ = ∅, R ∪ (a, ∞) : a ∈ R . Clearly RO (X, τ ) = {∅, X} = RC (X, τ ) and C (X, τ ) = τ .
(b) Let X = {a, b, c, d} and τ * = ∅, X, {a}, {b}, {a, b} . Obviously C (X, τ * ) = τ * , but RO (X, τ * ) = RC (X, τ * ) (consider for example {a}).
It is well-known that for each space (X, τ ) we have (1) is also proper.
The following example shows that for e.d. spaces SO (X, τ ) = SC (X, τ ), in general.
Example 3. Consider X = {a, b, c} with τ = ∅, X, {a}, {a, b} . Then SO (X, τ ) = ∅, X, {a}, {a, b}, {a, c} = α(X, τ ).
In virtue of the corollary below, let us observe that for the space from Example 3 we have RO (X, τ ) = SC (X, τ ).
Proof. From Theorem 3 and (1) we infer that SR (X, τ ) = SC (X, τ ). This implies SC (X, τ ) ⊂ SO (X, τ ). Thus from (1) again we obtain SC (X, τ ) ∪ SO (X, τ ) ⊂ SC (X, τ ), so SO (X, τ ) ⊂ SC (X, τ ). Analogously we prove the reverse inclusion.
From Theorem 3 it can be trivially deduced, that a space (X, τ ) is not e.d. if and only if there exists an A ∈ RO (X, τ )∆ RC (X, τ ). Under an additional assumption a similar equivalence expressed for sets of the form scl (A), where A ∈ SO (X, τ ), can be established.
is not e.d. if and only if there exists an A ∈ SO (X, τ ) with scl (A) ∈ RO (X, τ )∆ RC (X, τ ).
Proof. Only the necessity requires a proof. Theorem 2 assures the existence of such an A ∈ SO (X, τ ), that scl (A) / ∈ R (X, τ ). Since scl (A) ∈ SR (X, τ ), thus the result follows directly.
Example 4. Let X = {a, b, c, d} and τ = ∅, X, {a}, {b, c}, {a, b, c} . This space is not e.d., since cl ({a}) / ∈ τ . Without difficulties one checks that SR (X, τ ) = ∅, {a}, {b, c}, {a, d}, {b, c, d} = RO (X, τ ) ∪ RC (X, τ ).
To show the next theorem we need three lemmas. Let (X, τ ) be an arbitrary topological space.
Proof. (a) It follows easily from Lemma 1 and [1, Theorem 1.5(a)]. We have
Thus from the case (a) we obtain int (cl (A)) ⊂ cl (int (A)). So, it must follow that scl (A) = cl (int (A)). 
Theorem 4. Let (X, τ ) be a topological space such that for each A ∈ SO (X, τ ) we have scl (A) ∈ RC (X, τ ). Then, the following conditions are equivalent:
On some classes of sets in extremally disconnected spaces
Proof. (a)⇒(b). Obvious by Theorem 2.
(b)⇒(c). Suppose int (cl (A)) ∈ RC (X, τ ) for arbitrarily chosen A ∈ SO (X, τ ). Then, by Lemma 2(a) and Lemma 4, we have int (cl (A)) = N A ∪ int (cl (A)) for a certain N A ∈ N A . Clearly N A ⊂ int (cl (A)).
(c)⇒(a). Assume (c) and consider Lemma 4. We obtain directly that scl (A) = int (cl (A)) for each A ∈ SO (X, τ ). On the other hand, by Lemma 2(b), we have scl (A) = cl (int (A)). So, Theorem 2 implies our result.
The equivalence of (c) and (d) is clear by [13, Lemma 2].
D. S. Janković -type characterizations
In 1983 D. S. Janković proved a series of conditions characterizing e.d. spaces.
Theorem 5. [7, Theorem 2.9]
The following statements are equivalent for a space (X, τ ):
The case (f) of Janković theorem was cited in Preliminaries. In this section we shall give some modifications of the conditions (b)-(d). Advice that one of such a reestablishing has the following idea: after replacing cl (.) by cl (cl (.)), the inward closure operator may be weakened by putting scl. Proof. (⇒) Follows easily from the assumption and (2) (see [13, Lemma 2] ).
(⇐) Evident.
Theorem 7. For any topological space (X, τ ) the following conditions are equivalent:
Proof. int (B)) ). By assumption, for U = int (A) and V = int (B) we get
Recall now the following results.
, where α-scl denotes a semi-closure operator with respect to α-topology. The statement (c) can be easily deduced from [8, Corollary 2.4(a)]. After accomplishing now respective changes in Theorem 5, we obtain without difficulties the following reexpressed conditions. Theorem 5 ′ . The following statements are equivalent for any space (X, τ ).
Similar considerations concerning Theorem 7 and Theorem 6 lead to the following result. The following statements are equivalent for any space (X, τ ):
Some other cases to notice we left to the reader.
Finite products
Let (X 1 , τ 1 ) and (X 2 , τ 2 ) be topological spaces, and (X 1 × X 2 , τ ) be the product of (X 1 , τ 1 ) and (X 2 , τ 2 ) (briefly X 1 × X 2 ). In this section we investigate simultaneously two problems: in what particular cases the equality scl τ 1 (S 1 ) × scl τ 2 (S 2 ) = scl τ (S 1 × S 2 ), where S 1 ⊂ X 1 , S 2 ⊂ X 2 , holds, and what are the relationships between e.d. spaces (X 1 , τ 1 ), (X 2 , τ 2 ), and (X 1 × X 2 , τ ), where τ is the product topology in X 1 × X 2 .
By the result of T. Noiri [14, Lemma 4] , we establish that scl τ (S 1 × S 2 ) ⊂ scl τ 1 (S 1 ) × scl τ 2 (S 2 ) for any two spaces (X 1 , τ 1 ) and (X 2 , τ 2 ), and any S 1 ⊂ X 1 , S 2 ⊂ X 2 . The following example shows that this inclusion can be proper (we omit in the sequel symbols τ , τ 1 , τ 2 in denotation of respective semi-closure operators).
Example 5. Consider X 1 = {a, b, c, d} = X 2 and
This space is not e.d. Take S 1 = {a, b} ⊂ X 1 and S 2 = {c} ⊂ X 2 . Using the formula of D. Andrijević for scl (S) [1] , we obtain what follows: scl (S 1 ) = X 1 , scl (S 2 ) = {c}, and scl (S 1 × S 2 ) = {a, b} × {c}.
Since the product of two semi-open sets is semi-open [9] , so using Theorem 2 we obtain that for each A 1 ∈ SO (X 1 , τ 1 ), A 2 ∈ SO (X 2 , τ 2 ),
, and (X 1 × X 2 , τ ) are e.d. spaces.
We remark that (3) may be proved also by [7, Theorem 2.9 ] (cases (a) and (f) -see our Preliminaries) for each A 1 ⊂ X 1 and A 2 ⊂ X 2 . It is interesting that (3) for semi-open A 1 , A 2 can be established without assumption concerning extremal disconnectedness of the product X 1 × X 2 . Proposition 1. Let (X 1 , τ 1 ), (X 2 , τ 2 ) be e.d. spaces and A 1 ∈ SO (X 1 , τ 1 ), A 2 ∈ SO (X 2 , τ 2 ). Then, the equality (3) holds.
Proof. By Theorem 1 we have
Remark 2. Let (X 1 , τ 1 ) and (X 2 , τ 2 ) be any topological spaces, and
Proof. Applying Lemma 4 for A 1 ∈ SO (X 1 , τ 1 ) and A 2 ∈ SO (X 2 , τ 2 ), we obtain
. The example below shows that scl (A 1 × A 2 ) for A 1 ∈ SO (X 1 , τ 1 ) and A 2 ∈ SO (X 2 , τ 2 ) need not be closed in X 1 × X 2 , in general. Theorem 8. Let (X 1 , τ 1 ), (X 2 , τ 2 ) be any spaces and X 1 × X 2 be e.d.. Then, (X 1 , τ 1 ) and (X 2 , τ 2 ) are both e.d..
Proof. Suppose X 1 × X 2 is e.d. and let U ∈ τ 1 , V ∈ τ 2 . By assumption cl (U × V ) = cl (U ) × cl (V ) is open in X 1 × X 2 . But projections on (X 1 , τ 1 ) and (X 2 , τ 2 ) are open maps, so cl (U ) ∈ τ 1 and cl (V ) ∈ τ 2 . Remark 3. One may prove Theorem 8 by using Theorem 2 and Proposition 1. Details are left to the reader.
Corollary 5. If RO (X 1 × X 2 , τ ) = RC (X 1 × X 2 , τ ), then RO (X 1 , τ 1 ) = RC (X 1 , τ 1 ) and RO (X 2 , τ 2 ) = RC (X 2 , τ 2 ).
Proposition 2. Let (X 1 , τ 1 ) and (X 2 , τ 2 ) be finite e.d. spaces. Then the space X 1 × X 2 is e.d.
Proof. Let W = s∈S (U s × V s ) be any open subset of X 1 × X 2 in the product topology, U s ∈ τ 1 , V s ∈ τ 2 (the set S is finite). Then cl X 1 ×X 2 (W ) = s∈S cl τ 1 (U s ) × cl τ 2 (V s ) , so X 1 × X 2 is indeed e.d.
The product of infinite e.d. spaces need not be e.d., as the Example 7 (suggested by the Referee) shows. We utilize the following fact: the diagonal set of the product is open in it if and only if the product is discrete.
Example 7. Consider the product βN × βN and suppose it is an e.d. space. The set U = {(n, n) ∈ βN × βN : n ∈ N} is open in βN × βN, since each singleton {n} is open in βN. The closure of U is the whole diagonal in βN × βN and is open in it by our supposition. But it is not possible, since the product βN × βN is not discrete.
Theorem 9. Let (X 1 , τ 1 ) and (X 2 , τ 2 ) be finite topological spaces. Then the space X 1 × X 2 is e.d. if and only if (X 1 , τ 1 ) and (X 2 , τ 2 ) are e.d.
Proof. Directly by Theorem 8 and Proposition 2.
